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SCHUR MULTIPLIERS AND MATRIX PRODUCTS

DAN KUCEROVSKY AND AYDIN SARRAF

ABSTRACT. We give necessary and sufficient conditions for a Schur map to be
a homomorphism, with some generalizations to the infinite-dimensional case.
In the finite-dimensional case, we find that a Schur multiplier [a;;]: My, (C) —
My (C) distributes over matrix multiplication if and only if a;; = f(4)/f(J)
for some f: N — C*, where C* is the set of nonzero complex numbers. In
addition, it is shown that it is possible to enumerate all *-preserving multi-
plicative Schur maps on My (R). We also study the relation of Schur map to
the extreme points of certain sets.

1. INTRODUCTION

Let M, (C) be the algebra of all n x n complex matrices. The Schur product
A o B of two matrices A = (a;;) and B = (b;;) in M,(C) is defined by A o
B := (ai;b;;) and given A € M, (C), the Schur map S4 on M, (C) is defined by
Sa(B) := Ao B for all B € M,(C). Although a Schur map certainly appears
unlikely to be a homomorphism with respect to ordinary matrix multiplication,
one can verify that, for example:

(25) = ()

is both a Schur map and a *-homomorphism. In this article, we develop several
characterizations of multiplicative Schur maps. In the infinite-dimensional case,
there is a natural notion of a Schur multiplier of a Schatten ideal of B(H). If the
Hilbert space is taken to be finite-dimensional, a Schur multiplier is a Schur map.

In our discussion, J denotes the n xn matrix with all entries equal to 1, and I is
the usual identity matrix. We use the notation E11, Eas, ..., Ey, for the standard
basis of M, (C) or their infinite-dimensional analogues, as in section 4. If A has
no zero entries then by A= we mean the matrix whose entries are reciprocals of
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the entries of A. By Spec(A) we mean the set of all eigenvalues of the matrix A.
The notation A* stands for the conjugate transpose of A. By a positive matrix,
we always mean a Hermitian matrix with nonnegative spectrum. Throughout
this paper, we generally exclude the zero Schur map from the set of Schur maps
in order to avoid some trivial cases in the statements of our results. In section
2, we characterize multiplicative Schur maps over M,,(C) and it turns out that
in the case of positive Schur maps, the entries of the corresponding matrix are
nothing but the extreme points of the closed unit disk, thus, are necessarily scalars
of modulus 1. In section 3, we enumerate all positive Schur maps over M, (R).
In section 4, we try to generalize our results to the infinite—dimensional setting.
Finally, in section 5 we explore the relation of Schur maps to the extreme points
of certain sets.

2. CHARACTERIZATION IN FINITE DIMENSION

A map ¢ from M,(C) to M,(C) is called positive if it maps the positive
matrices in M,,(C) to positive matrices in M, (C).

Theorem 2.1. Let S4 : M, (C) — M,,(C) be a nonzero Schur map. Then the
following are equivalent:

(1) S is multiplicative,

(2) Sa is spectrum preserving,

(3) Spec(A) = {0,n} where 0 has multiplicity n — 1 and the diagonal entries
of A are equal to 1,

(4) A is of rank one with diagonal entries equal to 1, and

(5) Qi5 = Qg Qkj and A4y = 1 fO’I‘ all 1 S i,j,k S n.

PROOF. (i) = (i7) : If S4 is multiplicative we claim that it is bijective and that
the inverse is a Schur map. In other words, A has a Schur inverse or equivalently
a;; 7 0 forall 1 <14, j <n. To prove the claim, note that if there exist ¢ and j such
that a;; = 0 then S4(E;;) = 0, which implies that the kernel of the multiplicative
map S4 is nonempty. Since M, (C) is simple, this would imply that S4 is in fact
the zero map, which by hypothesis is not the case. Thus, the kernel is {0}, and
Sa is an automorphism, but any automorphism over M, (C) is inner. In other
words, there exists an invertible matrix C' such that Sa(B) = CBC~! for all
B € M, (C). Thus, S4 is given by a similarity transformation, implying that the
spectrum of S4(B) is equal to the spectrum of B.

(#4) = (i41): Since Sy is spectrum preserving, we can conclude that Spec(A) =
Spec(Sa(J)) = Spec(J). The spectrum of J, hence of A, is {0,n}. The kernel
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of S4 is {0} because Sy is a linear and spectrum-preserving map (see [1, Prop.
2.1.i].) In finite dimensions, injectivity implies surjectivity, so that S, is hence
surjective. Being spectrum-preserving, S preserves the trace, but the equation
Tr(Sa(B)) = Tr(B) means that Y a;:b; = > by; for all choices of sequence (by;),
and this can only occur if a;; = 1 for all 1 < i < n. Hence, TrA = n and since
the spectrum of A is {0,n} we deduce that the algebraic multiplicities of 0 and n
in the spectrum are respectively n — 1 and 1.

(#9i) = (iv) : Since rank is the number of nonzero eigenvalues, with multiplicity,
we have Rank(A) = 1.

(iv) = (v) : Since Rank(A) = 1, we conclude that the j** column of A is a
scalar multiple of the k** column, that is, ai; = Ajras; but for ¢ = k we have
ar; = A\jrGgk = \ji. Therefore, a;; = a1, ax; and a;; =1 for all 1 < 4,5,k <n.

(v) = (i) : For arbitrary matrices B and C, it follows that

(Sa(B)Sa(C))i
= Z aikbikcrjar; = Zaikakjbikckj = Zaijbikckj
k=1 h=1 k=1
= (Sa(BQC))yj
forall 1 <i,j <n. O

Remark. Matrices of positive elements satisfying the condition a;; = a;, ax; that
appears in condition v of Theorem 2.1 are in fact the so-called consistent matrices
that are used in one branch of mathematical economics (see [9, chapter 7].) The
requirement of having unit elements on the diagonal is then equivalent to the
condition that the matrix is what is called a reciprocal matrix. One could say that
Theorem 2.1 characterizes multiplicative Schur maps in terms of a generalization
of the consistent reciprocal matrices.

Corollary 2.2. An unital Schur map Sa: M, — M, is a homomorphism with
respect to the usual matriz product if and only if the coefficients of A are of the
form ai; = f(i)/ f(j) where f is a vector of nonzero complex numbers. Moreover,
if Sa is a homomorphism, it is constructed as a similarity transformation by a
diagonal matriz.

Proor. If S4 is a homomorphism, then by the above Theorem a;; = a;; ax;
where a;; = 1 and all the a;; are nonzero, so that

(¢251

Qi =
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We can set f(i) := a;1. Conversely, if a;; = f(i)/f(j) then it follows that for any

matrix B:
£ fo)
Sa(B) = ( > B -
f(n) o

where the operation on the right is ordinary matrix multiplication. But, then S4
is a homomorphism with respect to matrix multiplication. O

Corollary 2.3. If Sa : M, (C) — M, (C) is multiplicative then the following
hold:

(1) A* = A1 and A is diagonalizable.

(2) In general, ||A]| > n, and if A* = A then ||Al| = n.

(3) If A= A* then Sa is numerical range preserving.
PrROOF. (i) By Theorem (2.1), 1 = a;; = a;ja;; which implies aj; = @;; = %
for all 1 < 4,5 < n. Since the polynomial p(z) = z(z — n) has distinct roots ané
annihilates A, it follows that the minimal polynomial of A has distinct roots, and
thus A is diagonalizable.

(#4) Since S, is multiplicative, Theorem 2.1 shows that the spectrum of A is
{0,n}, so the spectral radius p(A) of A is n. Therefore ||A|| > p(A) = n. Since
%J is a projection, it follows that %A = S’A(%J) is a possibly non-orthogonal
projection. If A = A* then this projection is Hermitian, hence orthogonal. Hence,
[LA| =1 and consequently |A| =n

(ii7) As in the proof of Corollary 2.2, we have that S4(z) = AzA~!, where the
diagonal entries of the diagonal matrix A come from the first row of A. But by
part ¢ and the fact that A* = A we conclude that a;; = 1/a;;. This property
carries over to the entries of A so that A = A~!. But then A* = A=, making A
a unitary. We thus have S4(x) = AzA* as claimed. By [7] it follows that Sy4 is
numerical range preserving.

O

Theorem 2.4. Let Sy : M, (C) — M,,(C) be an unital Schur map. Then the
following are equivalent:

(1) Sa is multiplicative and x-preserving,
(2) Sa is a completely positive isomorphism,

(3) A is of rank one and normal with diagonal entries equal to 1,

(4) A is of rank one with unimodular entries and diagonal entries equal to 1,

and
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(5) A is self-adjoint with Spec(A) = {0,n} where 0 has multiplicity n—1 and
1Sall =1,
(6) A and A=Y are positive matrices with diagonal entries equal to 1.

PROOF. (i) = (i) : Since S, is *-preserving, A is self-adjoint and by Theorem
(2.1) it has positive spectrum. Therefore, A is positive, and by [6, Theorem 3.7]
the map S, is completely positive. On the other hand, since by Theorem (2.1)
the map S4 has no kernel it is, by finite dimensionality, an invertible operator.
Positive, unital, multiplicative, and invertible maps of matrix algebras have in-
verses that are positive, unital, and multiplicative. Clearly S4;-1 is an inverse
for S4. Arguing as previously, S -1 is completely positive. Therefore, S, is a
completely positive isomorphism.

(#9) = (4i7) : If (4¢) holds then S, is a x-isomorphism of matrix algebras. The
map S thus maps a projection of rank &k to a projection of rank k. Applying
S4 to the orthogonal projection of rank 1 given by %J, we find that %A is a
projection of rank 1, and is positive. Thus A is positive, hence normal, and of
rank 1 as a matrix. The matrix A has diagonal elements 1 since S, is unital.

(#i1) = (4v) : Since A is normal, it has a decomposition of the form UAU* where
U is a unitary matrix and A = diag(A\1, Ag, ..., A,) where \; are the eigenvalues
of A with the decreasing order. Since A has rank one with diagonal entries equal
to 1 we can conclude by Theorem (2.1) that A = diag(n,0,...,0). Therefore,

n n
a;; = ZZuilmkW but v = 0 unless | = k = 1 where 711 = A1 = n.
k=11=1
Hence, a;; = nu;1u;; which implies 1 = a;; = n|uﬂ|2 for all 1 < ¢ < n. Thus,
|aij\2 = a;ja;; =n? w1 |2 |uj1|2 =1lforalll<i,j<n.

(tv) = (v) : Since A is of rank one with diagonal entries equal to 1, Theorem
(2.1) implies that Spec(A) = {0,n} where 0 has multiplicity n — 1. If A has

unimodular entries then Z(aikaT—k—aijki) = Z(aﬂ —%) foralll <i,j <n.

k=1 =1 %k (ki
By repeated use of Theorem (2.1) we can conclude that
n n n n
1 A5k Ak 1 Ak Qi 1 Qi 1 Qi
n n
all 1 < 4,5 < n. Hence, (AA%);; = Zaik@ = Zakj@ = (A"A);; for all
k=1 k=1

1 <i,j <n. Thus, A is normal with positive spectrum and the spectral theorem
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for normal matrices implies that A is positive and it is known that for positive
matrices ||Sall = [|Sallee = maz{a; :i=1,...,n} = 1.

(v) = (vi) : It is clear that A is positive. Therefore, by Corollary (2.3) we
conclude that A = A* = Al-1] which implies Spec(Al=1) = Spec(A) = {0,n}.
Thus, A= is also positive. Since A is positive, a;; < ||Sa| = 1. On the other
hand, TrA = n. Therefore, the diagonal entries of A are equal to 1.

(vi) = (i) : If A and A=Y are positive with diagonal entries equal to 1 then by
[6, Theorem 3.7] we can conclude that S4 and S4-1 are completely positive and
unital. Denoting these maps by ¢ and ¢! respectively, by the Schwarz inequality
[3, Corollary 2.8] we have ¢(a*)p(a) < ¢(a*a). By using the Schwarz inequality
once more for ¢! we have a*a = ¢~ (¢(a*))dp~ 1 (p(a)) < ¢~ (p(a*)d(a)). Hence,
6(a")6(a) — dla*a) = B(é~1(6(a")(a)) — a*a) > 0. Therefore, d(a*)d(a) =
d(a*a).

Let us define ¢(® : My ® M,, — My ® M,, by 1d @ ¢. If we identify My @ M,,
with 2-by-2 matrices of operators (block matrices) we can write

o (22)-(2 )

Now, if we apply the Schwarz inequality to the positive map ¢ and the element
a b*
0 0

<¢%a> ¢(8*)>*(¢(()“) as(g*)) <<¢¢<<b)) Z(@;)))

Thus we conclude that the following matrix is operator positive:

we get

( ¢(a*a) — ¢p(a*)p(a)  H(a™b*) — d(a”)p(b") > .
¢(ba) — g(b)p(a)  @(bb") — B(b)(b")

But we have already shown using the Schwartz inequality that the entries on the

diagonal of the above matrix happen to be zero, so then we have that

( 0 ¢(a*b”) — ¢(a™) (") >
¢(ba) — ¢(b)¢(a) 0
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is operator positive. Let ¢ = ¢(ba) — ¢(b)¢(a) and note that an operator matrix

of the form
Ad
c ANd )’

where ) is a non-negative scalar, is operator positive if and only if ||¢|| < A. (This
can be deduced from, for example, [6, Lemma 3.1].) But then it follows that

o(ba) — ¢(b)p(a) is zero. O

Proposition 2.5. Let Sy: M,(C) — M, (C) be a multiplicative Schur map.
The following are equivalent:

(1) The map is *-preserving,

(2) The matriz A has norm ||A|| = n,

(3) The matriz %A is an orthogonal projection, and
(4) The operator norm of Sa is 1.

PROOF. (i) = (i1) : If S, is *-preserving then A is self-adjoint and by Corollary
(2.3), we have | A|| = n.

(ii) = (i7) : Recall that by applying Sa to the equation J? = nJ, we find
that p := %A is a not necessarily orthogonal projection. By [12, Theorem 5.4],
a projection p is an orthogonal projection if and only if it has operator norm
|lp|l = 1. Thus, the norm condition ||A|| = n holds if and only if p, and hence A,
is positive.

(iii) = (i) : If LA is a projection then A is self-adjoint and consequently S4
is *-preserving.

For the equivalence of i and iv, we compute ||S4| with respect to the norm
induced by the operator norm on the range and domain. Since S4 is multiplica-
tive, we note that S4(B) = ABA~! by Corollary 2.2, and we have ||Sa(B)|| <
[IA[[|B||||A1]]. This bound is in fact achieved if we take B equal to a suitable
matrix unit. Thus,

S all = [AIIATH = sup[Xi/Al,
%

and this is equal to 1 if and only if the \; all have modulus 1. But by Theorem
2.4 this occurs if and only if the map S4 is #-preserving. (]

3. ENUMERATION OF MATRICES OF MULTIPLICATIVE SCHUR MAPS

In this section, F denotes a field. Although matrices can very rarely be di-
agonalized over a general field, we do still have that M, (F) is simple and that
all automorphisms are inner (as a consequence of the Noether-Skolem theorem).
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Moreover, it is still true that the matrix units Fj; satisfy E;; = Ej, Ey;, and from
these facts it follows that:

Proposition 3.1. Let F be a field. Let Sa: M, (F) — M, (F) be a Schur map.
Then the following are equivalent:

(1) Sa is a nonzero homomorphism,
(2) Sa(x) = AzA=1, for some invertible diagonal matriz A, and
(3) aij = aix ag; and a;; =1 for all 1 < 4,5,k < n.

We define generalized Toeplitz matrices by Gi := {A € M, (F)|a;; = M4\ €
F*}. We define LT to be the set of all A € M, (F) such that S4 : M, (F) — M, (F)
is multiplicative.

Proposition 3.2. If we equip Ly with the Schur product then Lj turns into an
abelian group and Gy is a subgroup, consisting of Toeplitz matrices.

PrOOF. It is clear that Ly is an abelian group with respect to Schur product
because J € L and if A € L then AT € L because the inverse of a homo-
morphism is also a homomorphism. Since a;; = Nt = \U-D=(-1) = Ai—1j—1,
Gy consist of Toeplitz matrices and the relations a;; = M= \b—iyi—k = ik Ok
imply that it is a subgroup of Lg.

O

We remark that for n = 2, we have G = L2.

In general, returning to the case of the real or the complex field, the problem
of determining all the coefficients of the matrix of a multiplicative Schur map
given partial information on the coefficients leads to a Gauss-Jordan problem in

Inz

abstract linear algebra. Transforming the equations of Theorem (2.1) by = + 3-%,
we obtain the following linear system

bij = bk + br;
over C/Z=C/{z ~ylx —yeZ} =S xR.

If we want the Schur map to be multiplicative and *-preserving, then, by
Theorem (2.4), the equations for the transformed coefficients become:

bii =0
bij = bji = bir + by

over R/Z =R/{z ~ ylx —y € Z} = S*. In general we are free to specify n — 1 of
the unknowns, and in the case where we specify one row or column of the matrix
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[bi;], it is straightforward to solve for the remaining unknowns. Let T be the circle
group, then it is easy to check that the map ® from T" ! to (L¢)™ which sends
the vector (21, ..., 2n—1) to the first row of the matrix A (note that the first entry
of the matrix is always 1) is in fact an isomorphism between topological groups.
From this discussion, denoting by (Lg)" the positive matrices within L :

Proposition 3.3. The Lie group L¢ has complex dimension n— 1, and the com-
pact Lie group (LE)™ is isomorphic to the (n — 1)—torus.

If we are interested in Schur maps that are multiplicative, *-preserving, and
have only real entries in their matrix of coefficients, then all the entries must, by
Theorem (2.4), be in {—1,+1}. Then, for example, for A € (L3)T, where (LE)T
is the subgroup of positive matrices within Lu’%» the only possibilities are:

111 1 -1 -1 1 -1 1 1 1 -1
11 1), -1 1 1],/ -1 1 -1 ]and|l 1 1 -1
111 -1 1 1 1 -1 1 -1 -1 1

These are all of the 3-by-3 positive and real Schur multiplicative matrices. For
the 2-by-2 complex case the only possibility is:

1 =z
1/z 1
The above matrix has operator norm /|z|~2 + 2 + |2|2, which is consistent with

Proposition (2.5). For the 3-by-3 complex case, we have a nice expression for the
general form of a matrix for a multiplicative Schur map, as a Schur factorization:

1 z =z 1 1 w
1/z 1 1 |o 1 1w
1/z 1 1 1w 1/w 1

where o denotes the Schur product.

Theorem 3.4. The discrete group (LR)" has cardinality 2"~ 1.

PrOOF. If A € (LE)™T then by Theorem (2.4) we have either a;; = 1 or —1 for
all 1 < 4,7 <n. On the other hand, since A is of rank one and a;;=1, A can be
completely determined by exactly n — 1 of its first row’s entries. In other words,
we have n — 1 entries and two choices for each entry. Each choice gives us a
distinct Schur map, and therefore, Card((LE)™) = 2"~1.

O
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Remark. If we consider only Schur matrices with positive real entries, then the
only such Schur map that is multiplicative and #-preserving is the identity map
Sy =1d.

4. CHARACTERIZATION IN INFINITE DIMENSION

In this section, H denotes the separable infinite-dimensional Hilbert space
and K (H) denotes the algebra of compact operators over H. If we fix, once and
for all, an orthonormal basis for our Hilbert space, we can then identify bounded
operators on H, denoted by B(H ), with their (infinite) matrix representation with
respect to that basis. We may then consider Schur multipliers with respect to
various classes of linear operators in B(H). The Schatten—von Neumann classes,
L, are algebraic ideals within B(H) and are defined by {z € B(H)|7(|z|P) < oo},
where 7 is the canonical trace on B(H). The Schatten p-norm, which makes £,
a Banach space within K (H), is defined by ||z|| := 7(|2[P)'/?. In particular, the
Schur multipliers of L5 are precisely the matrices whose coefficients are uniformly
bounded.

Since the Schatten classes are ideals, we may take products of elements of a
Schatten class £, and obtain elements of £,. (For L5, more is true: a product of
elements in L9 is also in £4.)

Proposition 4.1. A Schur multiplier Sy: Lo — Lo with no kernel satisfies
Sa(zy) = Sa(x)Saly) if and only if a;; = f(i)/f(j), where f: N — C is a
bounded sequence that is bounded away from zero.

ProoF. If a;; = f(2)/f(j), then given two operators x,y € L, that are of finite
rank with respect to the chosen basis, we choose a matrix subalgebra M, (C)
within K (H) that is a corner of our space of infinite matrices, and contains both
2 and y. We then have that Sy (zy) = Sa(z)Sa(y) for z and y of finite rank. But
since S4 : L9 — L5 is a bounded operator, we then have by approximation that
the equation Sa(zy) = Sa(x)Sa(y) holds for all z and y in Ls.

For the converse, if Sy : Lo — L5 is multiplicative, then for every finite-
dimensional matrix corner M, (C) the map S4 restricts to S4 : M,(C) —
M, (C). The restricted maps are homomorphisms with no kernel, and thus by
finite-dimensionality of M, (C) they are isomorphisms. In particular, then, since
the unit of an algebra is unique, the restricted maps S4 must take the unit of
M, (C) to the unit of M, (C). Our results for the finite-dimensional case then
imply that a;; = f(¢)/f(j) with f(i) := a;1. Taking larger and larger corners, we
conclude that for all ¢ and j we have a;; = f(i)/f(j) with f(i) := a;1. If either
f were not a bounded sequence, or 1/f were not a bounded sequence, then we
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could find an unbounded sequence of coefficients of A, and S4 would not be a
Schur multiplier of Ls. O

We next consider the case of Schur multipliers of the compact operators.

Lemma 4.2. Let A be an infinite matriz with entries from (*°(N?) and K(H) be
the algebra of compact operators on £*(N) represented by formal infinite matrices.
Then Sy4 is a bounded operator from K(H) to K(H).

PROOF. It is sufficient to consider the case of elementary compact operators T =
e; < ej,.>. Since AoT = q;;T, we have |AoT| < ||Al|oo||T]] where |40 =
sup; ; |a;j|. Hence, Sa is continuous and since it maps finite rank operators to
finite rank operators, it is a map from K(H) to K(H). O

Theorem 4.3. Let Sy : K(H) — K(H) be a Schur map where the entries of A
are from (>°(N?). Then Sy4 is multiplicative if and only if the columns of A are
scalar multiples of the first column, and moreover there are 1’s on the diagonal.

Proor. If S4 is multiplicative then a;; # 0 for all 1 < 4,5 < n because if
there exist a m and n in N such that a,,,=0 then S4(F,,,)=0 which implies
Epn € Ker(S4) < K(H) but this contradicts the fact that K(H) is simple.
Since S, is multiplicative we have Sa(E;;)=Sa(EixExj)= Sa(Eik)Sa(Ey;) which
implies a;j=a;rar;. If we let k£ =i = j we have a;; = afi and therefore a;; = 1.
For ¢ = 1, the above equations imply that

aij A1k
a2, azk
as; asg
a4 | =akj | aag
If we let k = 1 then A=[ C1, a12C1, a13C1, a14Cq, ...]. In other words, by

abuse of terminology, we have Rank(A) = 1. Conversely if Rank(A) =1 in this
sense then we have

aij a1k
azj a2k
as; asg

as; | = Aj | aan
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Since A is unit diagonal, if we let ¢+ = k then we have ap; = Apjarr = Axj
and consequently we recover the equations a;; = a;pax;. Hence, (Ao BC);; =

o0 o0

Zaijbikckj = Zaikbikckjakj = ((Ao B)(Ao ());;. Therefore, S4(BC) =
k=1 k=1

SA(B)S4(C). D
Corollary 4.4. Let Sy : K(H) — K(H) be x-preserving where A is an element
of £>°(N?). If Sa is multiplicative then |a;;|=1 and a;=1.

ProOF. By the above theorem, A satisfies the equations 1=a;;=a;;a5; = a;;a;; =
|aij\2. Therefore, A has unimodular entries. O

Proposition 4.5. Let A be an infinite matriz with entries in £°(N?). If A has
1’s on the diagonal and linearly dependent columns then A is not bounded in the
operator norm.

PRrROOF. Choosing an arbitrary n € N, consider the n-by-n top left corner of A
and denote it by A,. Using Theorem 2.1, we can find an eigenvector X, such
that A, X, = nX,. Construct the vector X’ such that 2}, = z;; for all 1 <14 <n,
with the other entries set to zero. Hence, AX’ = nX’ and we can multiply X’ by
a scalar such that the norm of X’ is 1. But ||[AX’|| > n. Thus we have a sequence
of elements of the unit ball upon which A is unbounded, or in other words, A is
not bounded in the operator norm.

U

5. RELATION TO EXTREME POINTS

A Markov map is a trace preserving unital completely positive map from M, (C)
to M, (C) and we use the notation D(M,(C)) for the set of all Markov maps.
We denote the algebra of bounded operators, finite rank operators and diagonal
matrices with B(H), F(H) and D,, respectively. By K we mean the set of all
bounded (or equivalently, strongly continuous) D,, ® F(H)-bimodule maps from
M, (B(H)) to M, (B(H)). A positive matrix with unit diagonal entries is called
a correlation matrix and the set of all correlation matrices is denoted with &, (C).

Theorem 5.1. Let A € M, (C) and Sa : My (B(H)) — M,(B(H)) be a Schur
map. Then A is an extreme point of M, (C) if and only if S is an extreme point
of K .

ProOOF. Cousider the map ¢ : M, (C) — K such that ¢(A) = S4. It is obvious
that this is a linear injective map. By [10, Theorem 6], it is also surjective.
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Therefore, we have a linear bijection between two convex sets and any linear
bijection preserves the extreme points. O

Compare [2, Lemma 2.4] to the following;:

Corollary 5.2. Let A € M,(C) and S4 : M,,(C) — M, (C) be a Schur map.
Then A is an extreme point of £,(C) if and only if Sa is an extreme point of
D(M,(C)).

ProoF. In Theorem 5.1, if we assume that the D,, ® F/(H)-bimodule maps from
M, (B(H)) to M,,(B(H)) are completely positive and unital and let H = C then
K turns into the set of all completely positive unital D,-bimodule maps from
M, (C) to M,(C). However, since any D,-bimodule map can be written as a
Schur map, this set coincides with the set of all completely positive unital Schur
maps which itself by [5, Theorem 1] coincides with D(M,,(C)). Therefore, by
Theorem 5.1 the map Sy4 is an extreme point of D(M,,(C)) if and only if A is an
extreme point of &,(C) . O

Remark. If Sy : M, (C) — M,,(C) is #-preserving and multiplicative then by
Theorem 2.4, the entries of A are the extreme points of the closed unit disk. In
addition, A is a rank one correlation matrix and consequently by [4, Theorem 1]
it is an extreme point of &,(C). However, this can also be proved by the above
corollary. Note that by [11, Theorem 3.5], S4 is an extreme point of the set of
all positive unital Schur maps. In other words, it is an extreme Markov map and
the above corollary implies that A is an extreme correlation matrix.

Proposition 5.3. Let Sy : B(H) — B(H) be a Schur map with no kernel,
where A is the matriz of an operator in the unit ball B(H), of B(H). If Sa
belongs to an extremal ray of the set of Schur maps, then A is either a scalar
multiple of an isometry or a scalar multiple of a co-isometry.

PRrROOF. By considering the unit ball, we may work with extreme points rather
than extremal rays. Suppose S, is extreme and A = AB + (1 — \)C where
A € (0,1) and B,C are matrices of operators in the unit ball B(H);. By the
properties of Schur maps, Sg and S¢ are in the unit ball of the space of all Schur
maps from B(H) to B(H) and S4 = ASp + (1 — M\)S¢. Since Sa is extreme,
S = Sc. Therefore, Sp_¢ is the zero map. We claim that B = C' because
if B — C # 0 then it has a nonzero entry such as d,,, and by applying Sp_¢
to Emn we have Sgp_c(Enm,) # 0 which is a contradiction. Therefore A is an
extreme point of the unit ball of B(H), and for B(H) these are the isometries
and co-isometries. O
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