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Abstract

A g-ary (n,k)-MDS code, linear or not, satisfies n < g+k — 1. A code meeting
this bound is said to have maximum length. Using purely combinatorial methods
we show that an MDS code with n = g+ k — 2 can be uniquely extended to a full
length code if and only if g is even. This result is best possible in the sense that
there is, for example, a non-extendable 4-ary (5,4)-MDS code. It may be that
the proof of our result is as interesting as the result itself. We provide a simple
necessary and sufficient condition (property P) for code extendability. In future
work, this condition might be suitably modified to give an extendability condition
for arbitrary (shorter) MDS codes.
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1. Introduction

A linear [n,k]-code of minimum (Hamming) distance d satisfies d < n—k+ 1, the
Singleton bound. A linear [n,k]-code meeting the Singleton bound is called a linear
Maximum Distance Separable, or MDS code. Reed-Solomon (RS) codes, a mainstay in
industry due to their powerful error correction and the availability of efficient decoding
algorithms, are examples of linear MDS codes. see [25]. An (extended) [n,k]-RS code
over GF (q) satisfies n < g+ 1 unless k = 3 and g is even, in which case n < g+2. The
same bound has long been conjectured to hold for general linear MDS codes by dint of
their relationship to arcs in projective spaces. Indeed, if C is a linear (n,k)-MDS code,
the structure of C is easily described as follows. We choose a basis for C as rows of a
k x n matrix G over GF(q) of rank k. The MDS condition implies that every set of k
columns of G are linearly independent. Thus, regarding the columns of G as points of
PG(k—1,q), collectively they form an n-arc in PG(k — 1,4). Conversely, any n-arc in
PG(k—1,q) gives such a matrix (see [16, 17]). An n-arc in PG(k,q), g > k,2 <k <6
satisfies n < g+ 1 (unless k = 2 and g is even, in which case n < g+ 2), this bound has
also been shown to hold, at least asymptotically, for dimensions k > 6 [16-18]. With
no assumptions regarding linearity, an (n,k)-MDS code C over an alphabet 4 of size g
is a collection of ¢* n—tuples over 4 such that no two words of C agree in as many as k
coordinate positions. Such codes are the context here, all codes discussed being g-ary
over the alphabet 4 = {1,2,...,¢}. An (n,2)-MDS code C corresponds to a set of n —2
mutually orthogonal Latin squares or equivalently to a Bruck net of degree n — 2, so that
n < g+ 1. More generally, for kK > 2, C corresponds to a certain collection of mutually
orthogonal Latin hypercubes ( [22]). Very little is known about non-linear (n,k)-MDS
codes where k > 2. In [22], Silverman uses a counting argument to show the following.

Lemma 1.1. IfC is a g-ary (n,k)-MDS code, then n < g+k — 1.

An MDS code meeting the bound in Lemma 1.1 is said to have maximum length.
For k > 3 there is a widening gap between the combinatorial bound of Lemma 1.1 and
the conjectured bound on the length of linear MDS codes. We now summarize some
known existence results on maximal length MDS codes.

Theorem 1. (a) A g-ary (q+k— 1,k)-MDS code C does not exist if ¢ = 1 or 2 (mod
4) and the square free part of q is divisible by a prime of the form 4t 4-3.

(b) A (q+k—1,k)-MDS code does not exist if q is odd.

(¢) A (g+k—1,k)-MDS code does not exist if there exists a prime p such that p <k
and p divides q — 1.

(d) IfCisa (q+k—1,k)-MDS code with k > 3 and q > 2 then 4 divides q.

(e) IfCisa (q+k—1,k)-MDS code with k > 3 and q > 2 then 36 divides q.

Proof. For (a) see [10], for (b) and (c) see [22], and for (d) and (e) see [14]. |
If a fixed coordinate position is deleted from each word of an (n,k)-MDS code C,

an (n—1,k)-MDS code C’ results. The code C is called an extension of C’, and C’ is
said to be extendable.
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Due to their connection with arcs in projective spaces, the literature is rich with
results relating to the extendability of linear MDS codes (see [16—18, 24]). On the
extendability of general MDS codes most results in the literature pertain only to the
2-dimensional codes, namely Bruck nets or sets of mutually orthogonal Latin squares
(see [6,8,12,13]). The results here are a first step toward filling the apparent gap in the
theory. The main result of this paper is the following.

Theorem 2. A g-ary (q+k—2,k)-MDS code C can be extended to a (unique) maximum
length MDS code if and only if q is even.

It is important to point out that we can not possibly improve Theorem 2 to include
(¢ +k—3)-MDS codes. For example, any linear (5,4)-MDS code over GF (4) is not
extendable (Theorems 1(d) and 2). In our proofs we make repeated use of the following
results, both found in [22].

Lemma 1.2. Let C be a g-ary (q+k— 1,k)-MDS code C. Then any two words u,v € C
having k — 2 common entries have exactly k — 1 common entries.

Lemma 1.3. Ler C be a g-ary (n,k)-MDS code over the alphabet 4, let t < k be a
positive integer and fix t coordinate positions. Then, every possible t-tuple over A will

occur exactly ¢ times in the fixed coordinate positions as we range over the words of
C.

1.1. Bruck Nets

Definition 1.1. (Bruck Net) For q > 2 a positive integer, a (q,n)-Bruck Net N, (or a
(q,n)-net) is an incidence structure consisting of g* points and qn distinguished subsets
called lines, such that each of the following conditions are met.

(i) Every line of N contains exactly q points.

(ii) Parallelism (the property of being either equal or disjoint) is an equivalence rela-
tion on the lines of N.

(iii) There are n parallel classes, each consisting of q lines.
(iv) Any two non-parallel lines meet exactly once.

The term “net” was first introduced in 1939 by Baer [2]. The name achieved popu-
larity only after the much celebrated works of Bruck [8, 9], thus the often used Bruck-
nets. Any n parallel classes of a finite affine plane of order ¢ form a (g,n)-net (the
converse is not always true). So a (¢g,n)-net has degree n < (¢+ 1). In view of this the
deficiency 8 associated with a (g, n)-net is the number such thatn+8 =g+ 1.

In his 1963 paper [9] Bruck defines a partial transversal of a (g,n)-net A to be a
set of points no two of which are joined in A'. A transversal is a partial transversal of
(necessarily maximal) size g. Also in [9] is the content of the following Lemma, proved
using elementary counting techniques.

Lemma 1.4. Let N be a (q,n)-net of deficiency 9, let P and Q be distinct points of N,
[ aline of N and T a partial transversal. Then:
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(1) |T| < g with equality if and only if T meets every line of N.
(2) P is joined to exactly n(q — 1) points and unjoined to 8(q — 1) points.
(3) If P ¢ I thenP is collinear with n — 1 points of | and unjoined to & points of I.

(4) If T is a transversal and P ¢ T then P is joined to n points and unjoined to & — 1
points of T.

From the discussion in [22] a g-ary (n,2)-MDS code is combinatorially equivalent
to a (g,n)-net (where two words of the code are collinear if they have a common entry).
To extend a (g,n)-net A\ is to partition the points of A into g transversals forming
a new parallel class of lines yielding a (g,n + 1)-net. To embed a (q,n)-net A is to
successively extend A to an affine plane T (a (¢,q + 1)-net). In this case 7 is called a
completion of A[. The center-piece of Brucks 1963 paper is the following theorem.

Theorem 3. (Bruck’s Completion Theorem) Define the polynomial p by

1 3
plx) = §x4 +x3 2+ i Then any (q,n)-net N of deficiency 8 satisfying
p(8—1) < q has an unique completion.

The key to the proof of this theorem is an ingenious “clique and claw” method first
used by Bruck(1963) [9] and Bose(1963) [7]. The method has subsequently been used
for many other embedding theorems, see for example Beutelspacher and Metsch [4, 5]
for applications to linear spaces. The bound in Theorem 3 was slightly improved by
Metsch ( [20] (1991)). For the uniqueness of embedding Bruck actually proved the
much better (and stronger) bound:

Theorem 4. (Bruck’s Uniqueness Theorem) Let N be a (q,n)-net with deficiency &
satisfying q > (8 — 1)2. Then any two transversals of N intersect in at most one point
and N has at most g0 transversals with equality holding if and only if N is embeddable.
In the equality case, the completion of N is obtained by adjoining all qd transversals,
in particular, the completion of N is unique.

Bruck also showed that the bound in Theorem 4 is best possible. All known ex-
amples of maximal nets are in fact transversal free. The first such examples were con-
structed by Bruen [11-13] using partial spreads in projective spaces.

2. Extending MDS codes

To repeat from our introduction.

Definition 2.1. Let C be a g-ary (n,k)-MDS code. If a fixed coordinate position is
deleted from each word of C, an (n— 1,k)-MDS code C' results. The code C is called
an extension of C', and C' is said to be extendable.

Remark 1. According to Theorem 3, a g-ary (n,2)-MDS code with p(§ — 1) < ¢ can
be successively extended to yield a g-ary (q+ 1,2)-MDS code. Moreover, this extension
is unique.
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Definition 2.2. Let C be a g-ary (n,k)-MDS code over A and let 0 <t < k. A t-residual
code of C is defined as follows. Fix any t coordinate positions 01,0y, ...,0,; and any
t-tuple (Y1,Y2,...,Y:) over A there are precisely ¢ words in C having y; in coordinate
o, i =1,2,...,t (ie. having t coordinates fixed). This collection of ¢*~' words is a
t-residual code of C. A O-residual code is the entire code C. A I-residual code is simply
called a residual code.

Definition 2.3. Let C be a g-ary (n,k)-MDS code. For each j, 1 < j < g, denote by C;
the residual code consisting of all words of C having first coordinate j.

Remark 2. Note that if C' is a t-residual code of a q-ary (n,k)-MDS code C then C'
is residually a g-ary (n—t,k —t)-MDS code. That is to say, upon deleting the fixed t
coordinate positions defining C', a g-ary (n—t,k —t)-MDS code resulls.

Definition 2.4. Ler C' be a t-residual code of a q-ary (n,k)-MDS code C, where 0 <
t <k—2. (So C'is a collection of words in C having t fixed coordinates in common.)
Any collection of ¢! words of C' pairwise having no more than k-2 common entries
is called a transversal of C'.

Upon a moments reflection on Definitions 2.1 and 2.4, the following is clear.

Lemma 2.1. A g-ary (n,k)-MDS code C can be extended if and only if there exists a
partition {Ty,T,...,T,} of C where each T; is a transversal of C.

3. Extending (¢ + 1,3)-MDS Codes

Definition 3.1. In a g-ary (n,3)-MDS code, two words u and v are tangent if d(u,v) =
n—1, and secant if d(u,v) =n—2.

Let C be a (¢ + 1,3)-MDS code. Each of the residual codes Cy,...,C, is residu-
ally a (¢,2)-MDS code. By way of Theorem 3, any (g,2)-MDS code can be uniquely
extended to a (¢ + 1,2)-MDS code. It follows that for each i, 1 <i < g, C; can be
uniquely partitioned into transversals, say C; = {7}1,7}2,...,7}4}. Define the set T
={T}j|1<i,j<q}.

Remark 3. Observe that if T € T then |T| = q and all words in T have a common first
entry. It follows (Lemma 1.3) that in each coordinate position other than the first, every
member of A will occur exactly once as we range over the words of T.

We state property P in the setting of (n,3)-MDS codes.

P: Property P is said to hold in the (n,3)-MDS code C if no two words secant in C are
tangent to a common word.

Definition 3.2. Define the relation R on T as follows. T\ RT; if Ty = T or if there exist
words u € Ty and v € T, with u and v tangent.

Lemma 3.1. Suppose P holds in a g-ary (q+ 1,3)-MDS code and let Ty, T, € T with
T\ RT,. Then each word of Ty is tangent to each word of T>.
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Proof. Suppose T1 R T, then there exists u € T} and v € T, tangent. By property P u is
secant to no word of 7;. From the Remark 3 it follows that u is tangent to each word of
T>. As u is tangent to all other words of 77, it follows that no word of 77 is secant to any
word of T;. We conclude each word of 77 is tangent to each word of 7. |

Lemma 3.2. [f property P holds in a g-ary (q+ 1,3)-MDS code C then R_is an equiv-
alence relation on T . Moreover, each equivalence class of R is a transversal of C.

Proof. R is clearly reflexive and symmetric. To see transitivity, suppose 71K 7> and
T,RT;. If u e Ty and v € T3 are secant then (Lemma 3.1) any word w from 7; together
with u and v violate . From the Remark 3 it follows that u is tangent to each word of
T; and hence T1 R T3. So R _is an equivalence relation.

For the second part, let 77 ba a transversal of C;. It follows from Lemma 1.4 (4)
that 7; is R -related to no other transversal of Cy. Let u = (1,u2,u3,...,uq11) € T and
fix j # 1. Foreach i = 3,...,¢g+ 1 there exists an unique word in C with first entry j,
second entry up, and i’th entry u; (Lemma 1.3). By the MDS property of C, no two of
these words coincide. Therefore, of the ¢ words of the form (j,uz,_,_,...,_), exactly
one word is tangent to u while the others are secant to u. It follows that 7} is & -related
to exactly one transversal of C;. As such, each equivalence class of & consists of 7
words (consisting of a transversal from each C;) no two agreeing in as many at two
coordinate positions. In other words, each equivalence class of & _is a transversal of C.

|

Theorem 5. A g-ary (q+ 1,3)-MDS code can be extended if and only if property P
holds on C. Moreover, this extension is unique.

Proof. For the necessary conditions, suppose P holds in C. By the above Lemma, there
is a partition, say {73,T5,...,T,} of C (arising via &) where each T; is a transversal of
C. By Lemma 2.1 C can be extended. For the sufficient conditions, assume by way
of contradiction that C can be extended to C’ by adding a (q+2)nd component to each
word of C and that P does not hold in C. By Lemma 1.2 any two words in C’ have
distance g + 2 or g from each other. As P does not hold in C there are words u, v,
and w in C corresponding to the words u’, v/, and w' in C' satisfying d(u,w) =g — 1,
d(u,v) = q,and d(v,w) = g. As each pair of words have at least one common entry, we
have, d(u/,v') =d(u',w') =d(V,w') = q. Since d(u,v) = d(u',"'), ' and v must have
the same (q+2)nd component. Let o be the (q+2)nd component of »’ and V. Similarly
v and w’ have a common (q+2)nd component, which must also be o. So «’ and w’ both
have o as (q+2)nd component. As u and w are secant in C, u' and w' must have three
common entries. This contradicts the MDS property of C’. We conclude that C can be
extended if and only if property 2 holds.

For uniqueness, any extension of C requires C to be partitioned into g transversals
(Lemma 2.1). Any given transversal 7 in this partition must contain a transversal of
each of the residual codes Cy,C3, ... ,C, (briefly, by Lemma 1.4(4) a collection of more
than ¢ words from a given C; contains at least two secant words. By the Pigeonhole
Principle T must contain exactly q words—forming a transversal— from each C;). By
way of Theorem 4, each C; has a unique decomposition into transversals. It follows that
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the partition of C arising via the extension of C and the partition induced by the relation
R are identical. We conclude that the extension of C is unique. |

Lemma 3.3. Let C' be a residual code of a g-ary (q+1,3)-MDS code C. If w € C —C'
then w is tangent to exactly q words of C'. Moreover; if q is even, these q words form a
transversal of C'.

Proof. Assume with no loss of generality that C' = Cy and w = (2,w2,...,wg41) € Ca.
For each choice of i and j ,2 <i < j < g+ 1, there is an unique word of C; having ith
entry w; and jth entry w; (Lemma 1.3). This gives precisely (’;) words of C secant to
w. Foreachi, 2 <i<g+1,let A; = {u € Ci|u; = w;}. Then for i, j, and k distinct,
Ail = ¢, |[AiNA;j| =1, and |[A;NA;NA| = 0. So |UA;| =¢* — (§) = (¢° +q)/2 is the
number of words in C; having at least one common entry with w. It follows that there
are precisely (¢> +¢)/2— (§) = g words in C; tangent to w.

For the second part suppose ¢ is even and let 7 be the g words of C; tangent to w.
Define the subset B C C to be the ¢ words of C having first entry 1 and second entry
wy. For each i, 3 <i < g+ 1, there is an unique word of B having i’th entry w;. No two
of these words coincide (by the MDS property) leaving exactly one word of B tangent
to w. Choose o € A4 with o # wy. Define the set D to be the collection of g words in
C having first entry 1 and second entry o. For each i, 3 <i < g+ 1, there is an unique
word of D having i’th entry w;. No three of these words coincide. By assumption g — 1
is odd, so there is at least one word of D tangent to w. It follows that each element of
A occurs exactly once in the second entry as we range over the words of 7. The same
argument holds for each coordinate position (other than the first). We conclude that T
is a transversal. ]

Theorem 6. [f C is a g-ary (g+ 1,3)-MDS code then C can be extended if and only if
q is even. Furthermore, any extension of C is unique.

Proof. The sufficiency condition is given by Theorem 1 (b). For the necessary condi-
tion, assume ¢ is even. By Theorem 5 it suffices to show 2 holds in C. To this end let
u,v € C be secant. Assume with no loss of generality that u,v € C;. The ¢ — 1 words in
C tangent to u are contained in a transversal of C; containing #. By Lemma 1.4 (4), no
word of C; is tangent to both u and v. If w € C — C then (Lemma 3.3) since q is even,
the words of C; tangent to w form a transversal of C;. Since u and v are secant, w is not
tangent to both «# and v. Hence no word of C is tangent to both «# and v and we conclude
that property P holds in C. The uniqueness part is given by Theorem 5. |

Theorem 6 with Theorem 1 (d) give the following as an immediate consequence.

Corollary 3.1. If g > 2 and g = 2 mod 4 then no g-ary (q+ 1,3)-MDS codes exist.

4. Extending (¢ + k — 2,k)-MDS Codes

For k > 3 let C be a g-ary (¢+k —2,k)-MDS code. Each residual code of C is residually
a (q+k—3,k—1)-MDS code, whereas a transversal of a residual code is residually a
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(g+k—3,k—2)-MDS code. Two words u and v in C are said to be hypertangent (resp.
hypersecant) if u and v have precisely k — 2 (resp. kK — 1) common entries. We restate
property P in this setting.

P: Property P is said to hold in the (g + k —2,k)-MDS code C if no two words hyper-
secant in C are hypertangent to a common word.

The main results of this section are the following theorems.

Theorem 7. A (q+k—2,k)-MDS code C, k > 3, can be extended if and only if property
P holds in C. Furthermore, any extension of C is unique.

Theorem 8. A g-ary (q+k—2,k)-MDS code C, k > 3, can be extended if and only if q
is even. Furthermore, any extension of C is unique.

With Theorem 1 (e) we get the following as an immediate consequence.

Corollary 4.1. If 36 does not divide q and k > 4 then a g-ary (n,k)-MDS code satisfies
n<qg+k—3.

Setting k = 4 in the Corollary gives n < g+ 1. We point out that the arguments used
in [14] are purely combinatorial. As pointed out in the introduction, linear g-ary (n,k)-
MDS codes and n-arcs in PG(k — 1,q) are equivalent objects. In view of this we have
essentially provided a new and elementary proof of the following well known result.

Corollary 4.2. In PG(3,q), q even, the maximal size of an arc is ¢+ 1.

4.1. Proof of Theorem 7

letCbe a (g+k—2,k)-MDS code. For the only if part we refer to the proof of Theorem
5. For the if part assume property P holds in C. Appealing to the results of the previous
section we proceed by induction on k. Let k > 3 and assume our result holds for all (¢g+
k —3,k—1)-MDS codes. Each of the residual codes C;,C3,...,C, is residually a (g +
k—3,k—1)-MDS code. By our induction hypothesis, each C; can be uniquely extended
and hence partitioned in an unique way into transversals, say C; = {T;1, Ti2, . . -, Tiq}. Let

Lemma 4.1. Assume property P holds in C. Let u € C; and v € C; be hypertangent.
Denote by T the transversal of C; containing v. In any fixed k — 2 coordinate posi-
tions (excluding the first), there exists a word in T hypertangent to u in exactly those
positions.

Proof. By counting, the (unique) transversal of C; containing u contains all words of
C; hypertangent to u. Thus if i = j the result holds. Suppose i # j. As u and v are
hypertangent, assume with no loss of generality that u; = v, t =2...k—2. Fix k-2
coordinate positions, say 1 < 01,00, ...,04_2» < g+k—2. We claim there exists a word
in T hypertangent to u and agreeing with u in coordinate positions 0,0, ..., 0_7. Let
B={o;li=1...k—2}, and let D={2,3,...,k—1}. If D = B then v is the required
word. Suppose o1 ¢ D. Since T is residually a (g +k — 3,k —2)-MDS code, there exists
an unique word, say vy, in T agreeing with u in coordinates 3,4,... k—1,0. As v and
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v1 are hypertangent, u is not hypersecant to v; (property ). Hence u is hypertangent to
vi. If ap € D\ {2} set vo = v;. Otherwise, by the same argument as above we can find
v2 € T hypertangent to u in positions 4,5,...,k—1,04,0,. Continuing in this manner
we arrive at a word, v;_p € T hypertangent to u in exactly the required coordinate
positions. |

Lemma 4.2. Assume property P holds in C. For fixed i, j let u € C; and let T be a
transversal of C;. Then u is hypersecant to no word of T if and only if u is hypertangent
to some word of T.

Proof. By counting, the (unique) transversal of C; containing u contains all words of
C; hypertangent to u. Thus if i = j the result holds. Assume i # j. For the necessary
conditions, let v € T be hypertangent to u. By way of contradiction suppose w € T is
hypersecant to u, with no loss of generality assume w; = u;,t = 2...k. By the previous
Lemma, there exists a word x € T hypertangent to u withx; = u;,t =2...k— 1. But then
x,w € T are distinct and have k — 1 common entries. This contradicts the transversal
property of 7. We conclude that « is hypersecant to no word of 7.

For the sufficient conditions, assume u is hypersecant to no word of 7. T is resid-
uvally a (¢ + k — 3,k —2)-MDS code. As such, in any fixed k — 2 coordinate positions
(excluding the first), there is an unique word in T agreeing with u in those positions. As
u is assumed to be hypersecant to no word of T, u is hypertangent to each such word.
We conclude that u is hypersecant to no word of T if and only if « is tangent to some
word of T ]

Lemma 4.3. Assume property P holds in C. Suppose u,v € C; are hypertangent and w €
C;j is hypertangent to u. If T; is the transversal of C; containing w then v is hypersecant
to no word of T;.

Proof. By the previous Lemma, u is hypersecant to no word of Tj. As in the proof of
the above Lemma, u and v are in a common transversal, say 7;, of C;. If i = j then,
by the same argument, w € T; and our result follows. Assume i # j. With no loss of
generality assume u; = vy, s = 1.k —2. Let A = {x € Tj|x; = uy,s = 2.k —2}. Tj is
residually a (g +k — 3,k —2)-MDS code. So |A| = g and moreover, in each coordinate
position ¢, t > k — 2, each element of 4 will occur exactly once as we range over the
words of A. It follows that each word in A is hypertangent to u. Fix r > k —2. There
exists a word y € A with y; = v;. By property P, v and y are not hypersecant and must
therefore be hypertangent. By the previous Lemma we conclude that v is hypersecant
to no word of Tj. |

Lemma 4.4. Assume property P holdsinC. Let T\, T, € T,uc T, veE . Ifuandv
are hypertangent then no word of Ty is hypersecant to any word of T5.

Proof. If T = T; the result is clear. Assume Tj # T3, so u and v lie in distinct residual
codes. Define the subsets So C Sy C --- C Sp_3 of Ty by S; = {w e T1|w; = uj,j =
1,2,..,k—2—1i)}. So Sy = {u} and Sx_3 = T1. No two words in T} agree in as many
as k — 1 coordinate positions. All words in S; (r > 0) have the first k — 2 — ¢ coordinates
in common. It follows that in any fixed ¢ coordinate positions chosen from k — 1 —
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t,k—t,...,k+qg—2, every ordered ¢-tuple will occur exactly once as we range over
the words of S;. As such, each word of S; is either hypertangent or equal to at least
one word of S;_1, ¢ = 1...k—3. By assumption u is tangent to some word of 7> and
hence(Lemma 4.2) is hypersecant to no word of 7>. Recursively applying Lemmas 4.2
and 4.3 to S1,52,...,5t—3 = T} we conclude that no word of 7 is hypersecant to any
word of T5. |

Definition 4.1. Define the relation R on U by T R'T» if Ty = T; or if there exist words
u €Ty andv € T, with u and v hypertangent.

Lemma 4.5. Suppose P holds in C. Then R_is an equivalence relation on U . Moreover,
each equivalence class of R_is a transversal of C.

Proof. R_is clearly reflexive and symmetric. Suppose by way of contradiction that &_is
not transitive. Say 71 R 1>, T, R T3 and T} is not R related to 73. Then (Lemma 4.2) there
exists u € T1 and v € T3 where say u; = v;, i = 2...k. Since T1 R T», there exists (Lemma
4.1) we T, with w; = u;, i = 3...k, where w and u are hypertangent. Since T,R T3, w
and v are also hypertangent. So u, v, and w violate property P, a contradiction. We
conclude that & is an equivalence relation on T . For the second part see the proof of
Lemma 3.2. |

By assumption C is a (g +k — 2,k)-MDS code in which 2 holds. Proceeding as in
the proof of Theorem 5, the relation X gives the unique extension of C and Theorem 7
is proved.

4.2. Proof of Theorem §

Let Cbea (¢+k—2,k)-MDS code. For the sufficient conditions we appeal to Theorem
1 (b). For the necessary conditions assume ¢ is even. Once again we proceed by induc-
tion on k. By Theorem 6 the result holds for k = 3. Let k > 3 and assume our result
holds for all (¢4 k& —3,k—1)-MDS codes.

By Theorem 7 it suffices to show that property P holds in C. To this end let u,v € C
be hypersecant. Assume with no loss of generality that u; = v;, i =2,3,...,k—2 and
that u; = v; = 1. We must show no word of C is hypertangent to both # and v. By our
induction hypothesis, no word of C; is hypertangent to both # and v. Choose w € C —Cj.
Leto= (aj,ay,...,a;_3) where the a;’s are distinct integers satisfying 2 <a; < g+k—2
foreachi=1,2,...,k—3. Define the sets Sq, = {x € C|x; = w;,i = ay,a,...,a;_3} and
No, = Sa.NCj. So Ny is residually a (g,2)-MDS code and Sy, is residually a (g+ 1,3)-
MDS code. In fact, Ny is a residual code of Sy. It follows (Lemma 3.3) that there is a
transversal Tg, of Ny, consisting of all words of Ny, hypertangent to w.

By our induction hypothesis, 2 holds in Cj. As in the proof of Theorem 5 any word
y € C1 lies in an unique transversal T of Cj. Further, by counting, y is hypertangent to
no word of C; — T. It follows that Ty, is contained in a transversal, say Ty of Cj.

Let B = (b1,b2,...,br_3) where b;’s are distinct integers satisfying 2 < b; < g+k—2
for each i. We claim 13 = 1o. If by € {ay,a2,...,a;r3} let oy = o Otherwise let
o) = (a,as,...,a,—3,b1). In C; there are precisely ¢ agreeing with w in positions
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ap,an,...,ax—3,b;. By counting, exactly one such word is hypertangent to w. So Ty, N
Ta, # 0. Since each word of Cj is contained in an unique transversal of Cy, we conclude
that T = To,. Similarly, if b, € {a3,a4,...,ar-3} let ap = 0. Otherwise let o =
(a3,as,...,ar-3,b1,b2). As above we arrive at Ty, = Tgq, = Tq. Continuing in this
manner we arrive at T = Tg.

It follows that all words of C; hypertangent to w belong to a common transversal
(namely Ty) of C;. u and v are hypersecant and so belong to distinct transversals of Cj.
Hence w is hypertangent to at most one of # and v. We conclude that property © holds
inC.
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